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ABSTRACT

We study the fair allocation of indivisible items, where each agent
has a set of relevant items and can only receive items that are
relevant to them. While the relevance constraint has been studied
in recent years, existing work has largely focused on envy-freeness.
In this paper, we complement the literature by providing a relatively
complete understanding of other key fairness criteria — such as
proportionality, equitability, and their relaxations — in settings
where the items may be goods, chores, or a mixture of both.

We argue that for relevance models, proportionality and equi-
tability are often more appropriate fairness criteria, since agents
may find it difficult or impossible to evaluate the items that are not
relevant to them.
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1 INTRODUCTION

Fair division is a fundamental and challenging problem in both AI
and economics. It involves allocating resources or tasks among par-
ticipants while ensuring that participants are treated fairly. There
is no single fairness criterion universally applicable. Among the
various proposed fairness notions, envy-freeness [36] and propor-
tionality [34] are two of the most prominent and well-studied. Envy-
freeness requires that no participant prefers the allocation of an-
other over their own, while proportionality requires that each par-
ticipant receives a value at least their proportional share, a threshold
determined by the total number of participants and agents’ valua-
tions.

In the classical setting, any item can be allocated to any partic-
ipant. However, in practical allocation problems, there are often
relevance relationships between resources and participants, which
restrict an item from being assigned only to a subset of agents.
Relevance captures real-world scenarios where certain items are
only accessible to specific agents due to geographic restrictions or
demand requirements. For example, in allocating railway mainte-
nance jobs between cities A and B, the jobs are typically managed
by the local authorities of each city. Similarly, in sports leagues such
as the NBA and NFL, matches are held on the home court of one
of the competing teams. Motivated by these examples, we study
the allocation of indivisible items where relevance relationships
between agents and items are represented via graphs. In this frame-
work, vertices correspond to agents, edges correspond to items, and

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation
on the first page. Copyrights for components of this work owned by others than ACM
must be honored. Abstracting with credit is permitted. To copy otherwise, or republish,
to post on servers or to redistribute to lists, requires prior specific permission and/or a
fee. Request permissions from permissions@acm.org.

ACM Conference, , July 2017, Washington, DC, USA. © 2025 Association for Computing
Machinery. ... $ACM ISBN 978-x-xxxx-xxxx-x/YY/MM

...$15.00

an agent is incident to an edge if the item is relevant to that agent.
An agent can only receive the edges incident to her, and such an
outcome is called an orientation.

The allocation model with relevance relationships, also referred
to as the orientation model in this paper, has been studied in ma-
chine scheduling [20] and has recently gained popularity in fair
division [4, 16, 18, 27]. Most of these works on the fair division prob-
lem focus on the case where an item is relevant to two agents and
consider envy-freeness. However, proportionality, another well-
studied fairness notion in the classical setting, has been largely
overlooked. Proportionality has been widely adopted as a golden
fairness criterion in, for example, cake cutting [15, 32], clustering
[14, 28], committee selection [26], participatory budgeting [31],
matching [3], sortition [19, 21], and bargaining [25].

In the classic setting, an allocation is called proportional (PROP) if,
informally, each agent gets at least as much value as they would if all
the resources were evenly distributed. That is, each agent receives
a value of at least % fraction of her total value of all items, where n
refers to the number of agents. When the relevance relationship is
introduced, we refine the threshold so that each agent expects her
relevant items to be evenly distributed among the agents relevant
to the underlying item. Another fairness criterion that has not been
studied in the orientation model is equitability [11], which requires
that each agent receives the same level of value.

In this paper, we investigate the notions of proportionality and
equitability, as well as their relaxations, within a model that con-
siders relevance relationships between agents and items. Our goal
is to provide a picture of the existence of the computational results
for these fairness notions.

1.1 Owur Contribution

We consider the problem of allocating a set E of m indivisible items
among n agents, where items can be either goods (providing positive
value) or chores (imposing negative value), or a combination of
both. Each agent i is associated with a set of relevant items E; C E.
We say an allocation is an orientation if each agent i receives only
the items relevant to her. Throughout the paper, we focus on the
case where all items are allocated, and all resulting allocations are
orientations.

Proportionality. Suppose that agent i has an additive valuation
function v;(-) : 26 — R, mapping a subset of items to a real
number. The original definition of the proportional share for agent
iis %Ui(E), which is widely adopted in the literature. To define
proportionality in the orientation setting, one may set agent i’s
value for each irrelevant item to 0, an approach applied in the
literature (on envy-based notions, e.g., Deligkas et al. [18]), and use
the original definition of the proportional share.

However, in the orientation model, whether irrelevant items
should be included in an agent’s proportional share is a matter of
discretion. For example, if a good e is only relevant to agents i and
J, then e would be allocated to one of them. If agent i is aware
that e will never be allocated to the other n — 2 agents, she might



be unhappy if her entitlement is merely % of e. Instead, she may
reasonably expect to receive a % share of e. Similarly, if a chore or
task e is relevant only to agents i, j, it would be overly optimistic
for agent i to assume she needs to undertake only a % portion of e,
as the task will ultimately be assigned to one of these two agents.

We now propose a refined definition of proportional share based
on the relevance of each item. For each item e € E, let n, be the
number of agents to whom e is relevant. The proportional share of
iis

1
PROP; = Z —ie),

ecE; ¢

which means that, for each e € E;, agent i’s entitlement is nle of
the value of e. This definition reduces to the original definition if
each item e is relevant to all agents. An orientation is called PROP
if every agent i’s value is at least PROP;.

Next, we summarize our results, beginning with PROP. First,
the PROP orientations do not always exist. We are then interested
in the problem of deciding whether an instance admits a PROP
orientation and have the following results.

o The decision problem is NP-complete when items are all
goods (or all chores) and agents have (1,2) or (-1,-2) bi-valued
valuations and the relevance can be represented by simple
graphs, i.e., every item is relevant to exactly two agents and
|Ei NEj| < 1foralli,j.

e When valuations are binary (the absolute marginal value of
any item being 1), the decision problem can be answered in
polynomial time for arbitrary relevance.

We then consider the up to one or any relaxation of PROP. Infor-
mally, an orientation is PROP up to one (resp., any) item, abbreviated
as PROP1 (resp., PROPX), if each agent would satisfy PROP after
hypothetically adding or removing one (resp., any) item from her
bundle. For the weaker criterion of PROP1, we show that

e PROP1 and fractional Pareto optimality (fPO) orientations
exist and can be computed in polynomial time for mixed
items and arbitrary relevance.

e For goods and multigraphs, there is always a PROP1 orienta-
tion that is also a maximin share (MMS) fair allocation [12],
which in turn guarantees the existence of MMS allocations
in the multigraph model.!

This result strengthens the unweighted result in [5], where each
item can be allocated to every agent. We also consider PROPX,
of which the results are more negative. In the appendix, we also
propose a stronger version of PROP1, called SPROP1, which cannot
be guaranteed to exist for additive valuations without relevance
constraints. However, such an orientation does exist in the multi-
graph orientation model. We also consider PROPX, of which the
results are more negative.

e PROPX orientations do not always exist.
o It is NP-complete to decide whether an instance admits a
PROPX orientation, even for simple graphs containing only

Recently, Christodoulou and Mastrakoulis [17] independently proved the existence
of MMS fair allocations. Recall that “allocations” here do not require every edge to be
assigned only to an incident agent. For chores, MMS allocations are trivially achievable
when n > 3, since assigning every edge to an agent who is not incident to it results in
zero cost for all agents.

goods (or only chores) and agents with (0,1)- or (0,-1)-binary
valuations.

These results show a sharp contrast to the unconstrained setting,
where PROPX allocations always exist for chores [29].

Equitability. An allocation is equitable (EQ) if the subjective val-
ues of all agents are the same. For indivisible items, EQ allocations
do not always exist, and hence, we consider relaxations such as EQ1
and EQX. Their formal definitions are provided in the next section.
In contrast to the results in the unconstrained setting, where EQ1
and EQX allocations are guaranteed to exist, we prove that

e EQ1/EQX orientations do not always exist.

o It is NP-complete to decide whether an instance admits an
EQ, EQ1, or EQX orientation, even when the relevance can
be represented through simple graphs.

Envy-freeness. Although envy-freeness has been studied within
the orientation model in the literature, its relaxation, envy-free
up to one item (EF1), remains poorly understood for chores. To
address this gap, we complement the existing results by examining
EF1 orientations for chores. Different from proportionality and
equitability, envy-based fairness criteria are intrapersonal; that
is, each agent has an evaluation on other agents’ bundles so that
whether envy exists becomes verifiable. To ensure that envy-based
notions are well-defined, a common assumption in existing work
is that the value of any irrelevant item is zero for every agent
[18, 40]. In this paper, we adopt this assumption when examining
envy-based notions of fairness.

Our results show that, in stark contrast to goods for which an
EF1 orientation always exists even in the orientation model [18],
EF1 orientations may not exist for chores, even when the rele-
vance relationships are represented by simple graphs. Moreover,
for such simple graphs, we characterize the necessary and suffi-
cient conditions that guarantee the existence of EF1 orientations
and show that it can be decided in polynomial time whether a given
instance admits one. However, when relevance is modeled using
multigraphs, i.e., each item is relevant to two agents, and multi-
ple items can be relevant to a pair of agents, the decision problem
becomes NP-complete.

1.2 Other Related Work

We refer to surveys [2, 30] for comprehensive coverage of recent
results on the fair allocation of indivisible items, and [35] for vari-
ous constraints that have been studied. In the following, we recall
the most relevant work to our paper. Without constraints, EF1 and
PROP1 allocations always exist and can be computed in polynomial
time for goods, chores, and the mixture of goods and chores [10].
Furthermore, PROP1 and Pareto optimal are known to be compati-
ble in the mixed setting [5, 8]. PROPX allocations exist for chores
but not for goods [5, 29]. The existence of EFX allocation remains
unknown, except for several special cases [13].

Initiated by Christodoulou et al. [16], EFX orientations of rel-
evant items have been extensively studied. Zeng and Mehta [39]
characterized the graph structures for which EFX orientations al-
ways exist. Kaviani et al. [27] and Amanatidis et al. [4] respectively
proved the existence of approximate EFX orientations. Afshinmehr
etal. [1] and Hsu [23] extended the study to multi-graphs, and Zhou



et al. [40] and Hsu and King [24] generalized the results to chores,
the mixture of goods and chores, and other variants of the EFX
concept. In contrast to EFX, when the items are goods, Deligkas
et al. [18] proved that an EF1 orientation always exists even in the
general orientation model.

2 PRELIMINARIES

2.1 The Orientation Model

For any k € N*, let [k] = {1,...,k}. We study the model of
allocating a set E = {ey,...,en} of m indivisible items to a set
N ={1,...,n} of n agents. Each agent i has an additive valuation
function v; : 2F — R, that is, for any S C E, 0;(S) = Y .es vi({e}).
For ease of notation, we write v;(e) instead of v;({e}). We call a
valuation binary if vj(e) € {0, a} for all items e € E, where a = 1
or —1. For any S C E, let |S| be the number of items in S. An item
is a good (resp., a chore) for an agent if it yields a non-negative
(resp., non-positive) value. If the value of an item is zero for an
agent, then the item can be a good or a chore. In this paper, we say
an instance is a goods-instance (resp., chores-instance) if all items
are goods (resp., chores) for all agents. We call it a mixed-instance
if an item can yield a positive value for one agent but a negative
value for another.

In the general orientation model, each agent i has a non-empty
set of relevant items E; C E. For each item e € E,let No = {i € N |
e € E;} be the set of agents to whom e is relevant, and let n, = |Ng|.
We assume that N, is non-empty for every e, as otherwise, this item
can be removed. The orientation model is general and incorporates
the classic unconstrained setting, where E; = E and N, = N for all
i € N and e € E. Throughout the paper, we assume v;(e) = 0 for
alliande € E \ E;.

We are also interested in two structured cases. In the simple
graph orientation model, n, = 2 for all e and |E; N E;| < 1 for
all i # j. That is, the model can be described as a simple graph
G = (N, E), where each vertex is an agent and each edge is an item
relevant to the two agents incident to this edge. Similarly, in the
multigraph orientation model, ne = 2 for every e, but the number
of items in E; N E; is not limited. That is, there may be multiple
edges between any two agents (vertices). In this paper, when the
instance is a graph or multigraph, we use the terminologies vertex
i and agent i, and edge e and item e, interchangeably.

2.2 Solution Concepts

In the orientation model, each item can only be allocated to an agent
to whom the item is relevant. Formally, an orientation is denoted
by m = (m1,...,mn), where m; C Ej, and forany i # j, ;; N7y = 0
and | J;en i = E. Below, we introduce proportional fairness for
mixed instances. Let PROP; = 3 ¢, n%; - vi(e) be the (refined)
proportional share for agent i.

Definition 2.1. An orientation n = (71, .., ;) is proportional
(PROP) if for every agent i € N, v;(7;) > PROP;.

Definition 2.2. An orientation 7 = (71,..., 1) is proportional
up to any item (PROPX) if for every agent i € N, either (1) v; (7;) >
PROP;, or (2) v;(7; U {e}) > PROP; for any e € E; \ n; such that
vi(e) > 0 and v;(m; \ {e}) > PROP; for any e € m; such that
vi(e) <0.

Definition 2.3. An orientation x = (71, ..., 7,) is proportional
up to one item (PROP1) if for every agent i € N, one of the following
three holds: (1) v;(;r;) > PROP;, (2) vj(; U{e}) = PROP; for some
item e € E; \ 7, or (3) v;(7; \ {e}) = PROP; for some item e € 7;.

A PROP orientation satisfies PROPX, which in turn satisfies
PROP1. The above definition can be directly applied to goods- and
chores- instances. For example, for goods-instances, an orientation
is PROPX if for every agent i, v;(m; U {e}) > PROP; for any e €
E; \ 7;; For chores-instances, an orientation is PROPX if for every
agent i, v;(7; \ {e}) = PROP; for any e € ;. Regarding PROP1, the
quantifier of e in the prior two definitions is changed to existence.

In this paper, we also consider equitability (EQ) and envy-freeness
(EF). An orientation & = (1, ..., 7y) is equitable (EQ) if v; (7;) =
vj(m;) for any two agents i, j € N, and envy-free (EF) if 0; (7r;) >
v;(7j). That is, in EQ orientations, the agents have the same value,
while in EF orientations, every agent has the largest value in their
own allocations. It is known that exact equitability or envy-freeness
is not guaranteed to exist for indivisible items, and hence, we focus

on their relaxations?.

Definition 2.4 (EQX). An orientation = (sy, ..., 7,) is equitable
up to any item (EQX) if for any two agents i, j € N, either (1)
i (7;) = vj(7j), or (2) v;(7;) = vj(xj \ {e}) holds for every item
e € mj withvj(e) > 0, and v;(7; \ {e}) > v;(7r;) holds for every
item e € 7; with v;(e) < 0.

Definition 2.5 (EQ1). An orientation 7 = (71, ..., 1) is equitable
up to one item (EQ1) if for any two agents i, j € N, one of the
following three holds: (1) v;(;) = v; (), (2) there exists e € 7
such that v;(7;) > v;(7j \ {e}), or (3) there exists e € ; such that

vi(mi \ {e}) 2 0 (7).

Definition 2.6 (EF1). An orientation 7 = (my,...,7,) is envy-
free up to one item (EF1) if for any two agents i, j € N, one of the
following three holds: (1) v;(7;) > v;(7}), (2) there exists e € 7
such that v;(7;) > v;(7j \ {e}), or (3) there exists e € ; such that

0i(7i \ {e}) = vi(rj).

In the relevance model, an item that is not relevant to an agent
is assigned a value of 0 for that agent [18, 40]. While this approach
is reasonable for goods, it becomes questionable for chores, as we
may wish to allocate items that impose no cost on the agents. In
this sense, we argue that proportionality and equitability are more
suitable fairness criteria in this context, since their definitions do
not depend on an agent’s valuation of irrelevant items.

3 PROPORTIONALITY AND ITS
RELAXATIONS

In this section, we study PROP fairness and its relaxations, namely
PROP1 and PROPX.

3.1 PROP Fairness

Similar to the classic fair division of indivisible items, PROP is not
always satisfiable even for simple graph instances. Consider an item
and two agents, and the item is relevant and yields positive value
to both agents. A natural question is whether one can efficiently

2EFX has been studied in, e.g., [16, 40], and thus we omit the corresponding discussion
in the current paper.



compute a PROP orientation when it exists. Unfortunately, the
answer is no even for restricted instances. In the following, if agents’
total value of their relevant items is identical, we say the valuations
are normalized.

We derive the reduction from 2P2N-3SAT problem, known to
be NP-complete [9, 38]. A 2P2N-3SAT instance contains a Boolean
formula in conjunctive normal form consisting of the set of variables
X = {x1,...,xs} and the set of clauses C = {Cy,...,C;}. Each
variable appears exactly twice as a positive literal and exactly twice
as a negative literal in the formula, and each clause contains three
distinct literals, i.e., 3t = 4s. Denote by L = Uj’:l {le., sz., )'cjl., )'cjz.} the
set of literals and by C(¢) the clause that contains the literal ¢.

THEOREM 3.1. Deciding the existence of PROP orientations is NP-
complete, even for simple graphs where (1) all items are goods, valu-
ations are normalized, and v;(e) € {1,2} foralli and e € E;; or all
items are chores, valuations are normalized, and v;(e) € {—1, -2} for
alli and e € E;.

PROOF FOR THE GOODS-INSTANCE. The problem isin NP, as given
an orientation, one can verify whether it is PROP or not in poly-
nomial time. Next, we derive the NP-completeness by a reduction
from 2P2N-3SAT.

Given a 2P2N-3SAT instance, we create a goods-instance as
follows:

e for each clause Cj, create a vertex c¢; and 11 dummy vertices
djl., el dJl.l. Create edge (dJl., ¢j) with value 1 for djl. and c;.
Moreover, the construction of edges with two endpoints
being dummy vertices and their values are illustrated in
Figure 1;

o for each clause Cj, create 3 edges based on the following rule:
if Cj contains literal xlk (resp., il{"), create edge (cj, i) (resp.,
(cj, 1)) with value 1 for both incident agents, as illustrated
in Figures 1 and 2 (edges without an endpoint).

e for each variable x;, create two vertices i and i and one edge
(i, 1) with value 2 to both of them, as illustrated in Figure 2;

The created instance has 2s + 12¢ vertices and s + 17t edges. For any
iand e € E;, vi(e) € {1, 2} holds. Moreover, each agent has a total
value of 4 for her incident edges (normalized valuations), and thus,
the proportional share of each agent is 2.

Suppose that there exists a truth assignment that satisfies all
clauses in C. For c;j, djl., el dJl.l, observe that we can satisfy each
djr. with her proportional share even when (d]l., c;j) is allocated to
cj; allocate edges in the cycle with 3 vertices d s df, d? in a clock-
wise manner, and allocate edges in the cycles with 4 vertices in an
anticlockwise manner. Edges (d]z., d;%) and (d]3., d?) are arbitrarily
allocated to their incident vertices. Thus, we create a partial as-
signment where each djr. receives a value of at least 2 and each c;
receives 1.

For each variable x;, if x; is True, allocate (i, i) to vertex i. Then
allocate the other two edges incident to i to the vertices correspond-
ing to C (xl.l) and C (xl.z); recall that C (xl.l) refers to the clause that
contains literal xl.l. For vertex i, allocate her the two edges with
value 1. Similarly, if X; is True, allocate (i, i) to vertex i and allocate
the other two edges incident to i to the vertices corresponding to

Figure 1: The illustration for goods-instance of the clause
gadget for C;. For each edge, if there is only one label, it
represents the value of the edge to both endpoints. If there are
two labels, the one closer to a vertex represents that vertex’s
value for the edge.

Figure 2: The illustration for goods-instance of the variable
gadget for x;. The label on each edge represents the value of
the edge to both endpoints

C(iil) and C()‘cl.z), and for vertex i, allocate her the two edges with
value 1. At this point, for any i € [s], both i and i receive value 2.

For each vertex cj, as clause C; is satisfied, c; receives one addi-
tional incident edge besides (d}, cj), resulting in a value of at least
2. Therefore, we create a PROP orientation.

Next, for the reverse direction, suppose that there exists a PROP
orientation 7. We now create a truth assignment of {x;};c[;] as
follows: if (i, i) is allocated to vertex i, then set x; to True; and
otherwise, if (i,1) is allocated to vertex i, set &; to True. Such a
truth assignment ensures that exactly one of x;, x; is set to True,
and hence, the truth assignment is valid. Next, we prove that the
assignment satisfies all clauses.

For a contradiction, suppose that there exists a clause Cj» not
satisfied. By the created truth assignment, each of the three vertices
corresponding to the three literals in Cj» does not receive the edge
with value 2. Consequently, the three edges connecting ¢/ to vari-
able vertices must not be allocated to cj- so that the three vertices
corresponding to the three literals in C;» can satisfy PROP. Hence,
the value of ¢ is at most 1, meaning that the orientation is not
PROP, deriving the desired contradiction. Therefore, the created
truth assignment satisfies all clauses.

The proof for the chores-instance can be found in Appendix
B.1. m]

To complement the hardness result, we show that for binary val-
uations and goods-instance (or chores-instance), one can compute
in polynomial time a PROP orientation when it exists.



THEOREM 3.2. For the general orientation model with binary ad-
ditive valuations, one can in polynomial time determine whether a
PROP orientation exists or not, and compute one if it exists.

Proor. We begin with the goods-instance. If some item has a
value of zero for all relevant agents, arbitrarily allocate the item
to the relevant agents. If some item has a value of one for exactly
one relevant agent, allocate the item to that agent. At this point, let
7’ be the current partial assignment, and for each i, let a; be the
current value of agent i. Moreover, each of the unallocated items
has a value of one for at least two agents relevant to that item.

Next, create a bipartite graph with two parts of vertices X and
Y. For each unallocated item with respect to 7/, create a vertex in
X. For each agent i, create a number [PROP;] — a; of vertices in
Y. For each such a vertex, connect it to the vertex x € X if agent
i is relevant to the item corresponding to x and has value one for
it. We prove below that a PROP orientation exists if and only if a
Y-perfect matching exists in the created bipartite graph.

For the “if” direction, based on the Y-perfect matching, one can
extend 7’ to another (possibly partial) assignment where each agent
i receives her proportional share. Moreover, unallocated items (if
any) make agents weakly better off as items are goods. Thus, a PROP
orientation exists. For the “only if” direction, denote by Q C E the
set of items with value one for at least two of their relevant agents.
In the PROP orientation, each agent i must receive value at least
[PROP;] — a; when restricting to Q as items E \ Q can increase
the value of agent i by at most a;. Hence, one can convert the
assignment of Q in the PROP to a Y-perfect matching.

By applying the matching algorithm, one can determine whether
a PROP orientation exists or not and compute one when it exists in
time polynomial in n and m .

As for the chores-instance, the idea is similar. First, if some item
has a value of zero for some relevant agent, then allocate it to that
agent. At this point, each of the unallocated items has a value of —1
for every relevant agent. Next, we create a bipartite graph (X UY).
For each unallocated item, create a vertex in X. For each agent i,
create a number ||PROP;|] of vertices in Y. For each such agent
vertex, connect it to the vertex x € X if agent i is relevant to the
item corresponding to x. By the arguments similar to those for the
goods-instance, one can verify that a PROP orientation exists if and
only if there exists a X-perfect matching in the created bipartite
graph. Moreover, when a X-perfect matching exists, we can convert
the matching to a PROP orientation. O

3.2 PROP1 and PROPX Fairness

Motivated by the above impossibility results, we now consider the
relaxations of PROP. We begin with PROP1 and show that PROP1
orientations always exist and are compatible with fractional Pareto
optimal (fPO). An orientation 7 = (7, .., n,) Pareto dominates
another orientation 7” = (x],...,7,) if for any i € [n], v;(m;) 2
0;(7]) and at least one inequality is strict. An orientation r is Pareto
optimal (PO) if no integral orientation Pareto dominates it, and is
fPO if no fractional orientation Pareto dominates it, where in an
integral orientation, each item is fully allocated to one agent, and
in a fractional orientation, a fraction of item can be assigned to
some agent. Formally, in a fractional orientation 7 = (71, ..., 1),

7 = (7ie)ecE Where 0 < 7, < 1 represents the portion of e
allocated to agent i.

THEOREM 3.3. For the general orientation model and the mixed-
instance, we can compute a PROP1 and fPO orientation in polynomial
time.

Proor SKETCH. We start from a fractional proportional orien-
tation created as follows: for any e and any i € N, let 7; o = %
In this fractional orientation, each agent receives her proportional
share. Then we compute another fPO fractional orientation that
Pareto improves the initial proportional orientation. Moreover, the
new fractional orientation has an acyclic undirected consumption
graph: a bipartite graph in which vertices on one side are the agents,
vertices on the other side are the items, and there is an edge between
agent i and item e if and only if 7; ¢, > 0. To show the existence of
such an fPO fractional orientation, we adapt the techniques in [33]
to the orientation model. Last, we round the fractional orientation
to a PROP1 and fPO integral orientation. The formal proof can be
found in Appendix B.2. O

We next study PROPX, a notion stricter than PROP1. In sharp
contrast, the results for PROPX are mostly negative. Particularly, a
PROPX orientation does not always exist, even in the case of simple
graphs with binary valuations, and determining whether such an
orientation exists is computationally intractable.

PRropPosITION 3.4. PROPX orientations may not exist, even for
simple graphs and binary valuations.

Proor. Let us begin with the goods-instance and consider the
instance illustrated in Figure 3. Fix an arbitrary orientation =, and
due to symmetry, assume that (1, 2) is allocated to agent 2. Now
we focus on agents 1,3, and 4. To ensure that agent 1 satisfies
PROPX, both edges (1, 3) and (1, 4) must be allocated to agent 1. As
a consequence, one of agent 3 and agent 4 receives () and violates
PROPX.

Figure 3: The illustration of the goods-instance where PROPX
orientations do not exist. The label on each edge represents
the value of the edge to both endpoints

As for chores-instance, we consider the same graph construction
and transform agents’ valuations into their negatives. By arguments
similar to those of goods, one can verify that no orientation is
PROPX. u]

THEOREM 3.5. For both goods- and chores-instances, deciding the
existence of PROPX orientations is NP-complete, even for simple graphs
and binary valuations.



Figure 4: The illustration for goods-instance of the clause
gadget for C;. For each edge, if there is only one label, it
represents the value of the edge to both endpoints. If there
are two labels, the label closer to a vertex represents that
vertex’s value for the edge.

PARTIAL PROOF FOR THE GOODS-INSTANCE. The decision problem
is clearly in NP. We next derive the NP-completeness by a reduction
from 2P2N-3SAT.

Given a 2P2N-3SAT instance, we create a goods-instance as
follows:

e for each clause Cj, create a vertex c¢; and 6 dummy vertices
djl., el dJ6.. Create edges (cj, djl.) and (cj, d;*); moreover, cre-
ate edges with both endpoints being dummy vertices, as
illustrated in Figure 4;

e for each clause C;, create three more edges: if C; includes
literal xlk (resp., Xlk/), add an edge (c;, i) (resp. (cj, i) with
value 1 for both incident agents, as illustrated in Figure 4.

e for each variable x;, create two vertices i and i, and an edge
(i, 1) with value 1 for both i, i. Moreover, apart from (i, i),
each i and i values all other incident edges at 0.

The created instance has 2s + 7t vertices and s + 11t edges; more-
over, each agent’s valuation is binary. We first claim that in a PROPX
orientation (if it exists), for each cj, edge (cj, djl.) must be allocated
to djl.. For a contradiction, assume that this is not the case. We now
focus on agents djl., dj2., d?. Without loss of generality, assume edge
(dJZ., d]3.) is allocated to djz. in the orientation. Then in order to make
d]3. satisfy PROPX, we need to allocate (djl., d?) to her, which then
makes djl. violate PROPX, as djl. has value zero in the orientation
and edge (dJl., d;) (with value zero) is not allocated to her but her
proportional share is §. One can verify that there exists a truth
assignment satisfying all clauses if and only if there exists a PROPX

orientation. The formal arguments can be found in Appendix B.3
The proof for the chores-instance is deferred to AppendixB.4 O

4 EQUITABILITY AND ITS RELAXATIONS

In this section, we consider equitability-related notions that have
been widely studied in the unconstrained setting [7, 22], but remain
underdeveloped in the orientation model.

In the unconstrained setting, EQX/1 allocations can be achieved
through the greedy algorithm. However, our results indicate that

neither EQ1 nor EQX is guaranteed to be satisfiable in the orienta-
tion model. Even worse, deciding their existence is NP-complete.
For completeness, we also provide the complexity results on the
notion of EQ.

THEOREM 4.1. Determining whether an EQ orientation exists on a
simple graph in both goods- and chores-instance is NP-complete.

The proof of the theorem can be found in Appendix C.1.

PROPOSITION 4.2. An EQI orientation is not guaranteed to exist
even for simple graphs.

Proor. Consider the example with identical valuations shown
in Figure 5.

Figure 5: The illustration of the goods-instance where EQ1
does not exist. The label on each edge represents the value
of the edge to both endpoints.

In any orientation, one of the agents 5 and 6 receives a value
of 0; suppose that this agent is 5. However, as there are 6 edges
among 1, 2, 3, and 4, by the pigeonhole principle, at least one of
them will receive two or more edges. Suppose this agent is 1, then
we have vy (1 \ {e}) = % > v5(m5) = 0 for all e € my, which means
that EQ1 does not hold between 1 and 5. As for the chores-instance,
we use the same graph while changing each agent’s value on each
edge to the corresponding negative value. In that case, we have
v1(m \ {e}) = —% < vs5(ms) = 0 for all e € 1, which violates
EQ1. m]

THEOREM 4.3. Determining whether an EQ1 orientation exists on
a simple graph in both goods- and chores-instance is NP-complete.

Proor. The decision problem is in NP, as given an orientation,
one can decide whether it is EQ1 in polynomial time. We derive
the reduction from the PARTITION problem and begin with the
goods-instance.

We create a goods-instance of a simple graph, as illustrated in
Figure 6:

e create vertices 1,...,n and vertices 1/, ..., n’, and for each
i € [n], create an edge (i,i");

e create vertices p, p’, q, ¢, and create edges (p, p’) and (g, q’).
Moreover, for each i € [n], create edges (p, i) and (q, i);

e create vertices w, x, y, z and edges such that these four ver-
tices form Ky (i.e., a complete graph with 4 vertices). More-
over, create edge (z,p’).

We define the agents’ valuations as follows:

e foreachagenti € [n],0;((i,i’)) = %,vi/((i, i) = 1Lo0i((p, i) =
vi((q.1) = g, and 0, ((p. 1) = 09((q.1) = 7571

o 0p((pp") = 0q((¢.9)) = 3, 0p (") = 0 ((¢.4)) = 1,
and oy ((z,p")) = 0;



Figure 6: Illustration of the goods-instance for reduction
from EQ1. For the edge with one label, the label is the value
of that edge for both endpoints. If an edge has two labels, the
label closer to a vertex represents that vertex’s value for the
edge.

o 0 ((w,2)) = 02((w,2)) = ox((x,9)) = 0y((x,y)) = §, and
va((a, b)) = vp((a, b)) = é for each pair of vertices (a,b) €
{(w,x), (x,2). (z.y), (g, w)}.

We first claim that in an EQ1 orientation =, each agent has a
value of at least %. Let us focus on w, x, y, z, and in any orientation
(and hence in ), there must be an agent receiving two edges, with
one having a value of % and another having a value of %. Thus, after
removing the edge with value %, that agent still has value é. Asa
result, in an EQ1 orientation 7, each agent should receive a value of
atleast §. Then edges (p’, p) and (¢, ) must be allocated to p” and
q’ respectively, and for each i € [n], edge (i’, i) should be allocated
to i’. Moreover, for each i € [n], vertex i should receive at least
one (indeed exactly one) of (i, p) and (i, q). Then the total value
of the edges that can be allocated to p and g is ‘—1}, which makes in
7, the value of p and ¢ should be %. Thus, there exists a subset of
{x1,...,xn} with the total value T. Therefore, there exists an EQ1
orientation if and only if the PARTITION instance is a yes-instance.

As for the chores-instance, we consider the same graph creation
but negate agents’ valuations. Similarly, in any orientation, there
must be an agent among w, x, y, z receiving at least one edge with
value —% and one edge with value — % . Thus, in an EQ1 orientation 7,
every agent should receive a value of at most —%. Then edges (p’, p)
and (q’, g) must be allocated to p’ and ¢’, respectively. Moreover,
for each i € [n], edge (i’, i) should be allocated to i’. Then one can
verify that the unallocated edges can make both p and g have a
value of no greater than —% if and only if the PARTITION instance is
a yes-instance. Therefore, we establish an equivalence between the
existence of EQ1 orientation and a yes-instance of the PARTITION
problem. ]

The non-existence of EQ1 orientations directly implies that EQX
orientations are not guaranteed to exist, as EQX is a notion stricter
than EQ1. We provide below the hardness of the decision problem
regarding EQX.

THEOREM 4.4. Determining whether an EQX orientation exists on
a simple graph in both goods- and chores-instances is NP-complete,
even for instances with additive valuations.

PARTIAL PROOF FOR GOODS-INSTANCE. The decision problem is
clearly in NP. We derive the reduction from the PARTITION problem:
whether a set of integers x1, . . ., X, can be divided into two subsets
with equal sums.

We create a goods-instance of a simple graph, as illustrated in
Figure 7:

e create vertices 1,...,n and vertices p, q; for each j € [n] U
{p, q}, create two dummy vertices k;, k;.;

e foreach j € [n] U {p, g}, create edges (j, k;), (J, k}), (kj,k;.).
Moreover, for each j € [n], create edges (j, p) and (J, q).

21 (1-2¢)

Figure 7: Illustration of the goods-instance for reduction
from EQX. The label closer to a vertex represents that vertex’s
value for the edge.

We define the agents’ valuations as follows:
e for each j € [n] U {p,q}, let v;((j, kj)) = Uj((j,k}))
6 0, (k) = 0 (k) = & — &, and oy, ((ky, k)
o ((kj.K)) = 3 + &5
o foreachi € [n], let v;((p,i)) = 0vi((q.i)) = 3 — &
e for p and g, let v, ((p, 1)) = v4((g. 1)) = ﬁ(l — 2¢) for all
i€[n],

where ¢ > 0 is arbitrarily small. As the total value of each agent is
1, the created instance is normalized.

We claim that in an EQX orientation 7, each j € [n] U {p,q}
must receive exactly one of the edges (j, kj) and (j, kj’.). Suppose
not. If j receives neither (j, k;) nor (j, kj’.), then EQX is violated
between k; and k;.; assume without loss of generality that (k;j, k;.)
is allocated to kj, then k;. violates EQX when compared to k; as

0k, (i \ (0 kp))) = 5 &> oy () = o1 (LK) = 5 .



If j receives both (j, k) and (j, k}), then one of k; and k} receives
no edges and violates EQX when compared to j.

Given the above claim, we further show that in an EQX orien-
tation 7, each agent i € [n] must receive exactly one of the edges
(p,i) and (g, i). Suppose not. If i receives both (p, i) and (g, i), then
k; and k] violate EQX when compared to i, as after removing the
edge with value ¢ for i (such an edge exists due to the above claim),
the value of i is still 1 — 2¢ > % + ¢. If i receives neither (p, i) nor
(g, i), then i violates EQX when compared to p, as after removing
the edge with value ¢ for p, the value of p is greater than 2¢.

One can verify that an EQX orientation exists if and only if the
PARTITION instance is a yes-instance. Suppose that the PArRTITION
instance is a yes-instance, and the solution consists of I; and I,.
For eachi € [n], if i € I, allocate (i, p) to p and if i € I, allocate
(i, q) to g. Next, for each i € [n], allocate i the other incident edge
with a value of % — ¢ for her. For each j € [n] U {p, q}, allocate
(kj, j) to j, (k},j) to k}, and (k}, kj) to k;. At this point, all edges
are allocated, and the orientation is EQX, as I; and I, are a solution
to the PARTITION instance.

For the reverse direction, suppose that there exists an EQX ori-
entation 7. Let Sp := {i € [n] | (i,p) € 7mp} and Sg = {i € [n] |
(i,q) € mg}. We prove that S, and Sq must form a solution to
the PARTITION instance. First, as each i receives exactly one from
edges (i, p) and (i, q), it holds that S, U S = [n]. Assume for the
contradiction that Sp and Sq do not form a solution, and then, as-
sume ;e s, %i < Die s, Xi- Moreover, as xi’s are integers, we have
Ziesp xi < T -1, and thus,

op(mp) < %(1—25)+g:%+%—% < %—5,
where the last inequality transition is derived from ¢ < % For any
i € [n], as 7; contains an edge with value ¢ and an edge with value
% — ¢, agent p violates EQX when compared to i, contradicting that
7 is an EQX orientation.
The proof for the chores-instance is in Appendix C.2. O

We remark that all hardness results in this section hold for nor-
malized instances, where the total values of items for agents are
identical.

5 EF1 ORIENTATIONS FOR CHORES

In this section, we focus on the EF1 orientation for chores that have
not been covered in the literature. For goods, it is known that an EF1
orientation exists in the general orientation model [18]. However,
for chores, EF1 orientations may not exist, even for simple graphs.

THEOREM 5.1. For the chores-instance with simple graphs, EF1
orientations do not always exist. For simple graphs, one can compute
an EF1 orientation in polynomial time when such an orientation exists.

We say an edge is objectively negative if it results in negative
values for both endpoints. We present a necessary and sufficient
condition for an instance with simple graphs to admit EF1 orienta-
tions.

PROPOSITION 5.2. In a chores-instance, there is an EF1 orientation
on a simple graph if and only if the number of objectively negative
edges is not greater than the number of vertices in the graph.

Proor. We begin with a claim that if there exists an EF1 orien-
tation =, then each agent should receive at most one objectively
negative edge. Suppose not, and assume that i receives two objec-
tively negative edges (i, j) and (i, k) in =, then i will violate EF1
when compared to j, as after removing any edge in 7, the value
of i is negative, but i’s value for 7; is zero (as (i, j) is in 7;, then
mj N E; = 0); recall that i values e at zero for all e ¢ E;. Thus,
based on this claim, if there exists an EF1 orientation, the number
of objectively negative edges is at most the number of vertices.

For the “if” direction, when the number of objectively negative
edges is at most the number of vertices, we can compute an EF1
orientation. First, allocate all edges to an incident agent who has
zero values on them. Then, if there are edges remaining unallocated,
they must be objectively negative; they will form one or more com-
ponents. If a component formed by the objectively negative edges
contains no cycle, i.e., is a tree, we can allocate every edge down-
wards to the corresponding child vertex by selecting an arbitrary
vertex as the root of the tree. If a component contains a cycle, we
can allocate every edge in the cycle to an endpoint in the same
direction, and the remaining edges will form a tree. Repeat this
process until all edges are allocated. The procedures terminate in at
most m rounds, as in each round, at least one edge is allocated. O

The characterization above indicates that if, in a simple graph,
the number of objectively negative edges exceeds the number
of vertices, then no EF1 orientation will exist. Such an instance
clearly exists, demonstrating that EF1 orientations do not always
exist for chores. Moreover, the characterization directly leads to a
polynomial-time algorithm for deciding the existence of EF1 orien-
tations for simple graphs and for computing one when it exists.

On the contrary, the decision problem becomes computationally
intractable for multigraphs, with the formal proof in Appendix D.1.

THEOREM 5.3. For the chores-instance, determining whether an
EF1 orientation exists in a multigraph is NP-complete.

6 CONCLUSION

In this paper, we studied proportionality, equitability, and their
relaxations in the fair orientation problem and presented a picture
of existence and computational results on these fairness notions.
We also addressed the previously unexplored question of EF1 ori-
entations for chores. We hope these results contribute to a deeper
understanding of these widely studied fairness notions in the ori-
entation model.

Looking forward, as the hardness results in Section 4 are derived
from PARTITION, it remains unknown whether pseudo-polynomial-
time algorithms exist. For proportionality, it is worthwhile to con-
sider PROPm [6], a notion lying between PROP1 and PROPX, and
to investigate whether PROPm orientations always exist. The non-
existence example for PROPX presented in this paper does not
imply the non-existence of PROPm orientations.

From a broader perspective, developing new fairness notions
applicable in the general orientation model, with no restrictions on
the number of relevant agents per item, is a promising and valuable
direction. Our work has provided some negative results regarding
the existing fairness notions and can serve as a foundation for the
development of new fairness concepts.
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APPENDIX
A STRONGLY PROP1 AND MMS FAIRNESS

In this section, we focus on multigraph orientation and goods-
instances. We first introduce a stronger version of PROP1.

Definition A.1. For goods-instances, an orientation 7 = (71, . .., 7)
is strongly proportional up to one item (SPROP1) if for every agent
i € N, there exists e* € E; such that

vi(ffi)Zl Z vi(e).

ecE\{e*}

Do

For additive valuations without relevance constraints, it is known
that an SPROP1 allocation may not always exist. However, as we
will prove below, an SPROP1 orientation does exist in the multi-
graph orientation model. Consider the following algorithm:

e Start with an arbitrary vertex i, and allocate an edge e;; €
arg max.cg, vi(e) to vertex i.

o Repeat the above procedure for vertex j until all edges are
allocated.

That is, for every agent i, if one of her incident edges is allocated to
some other agent, she can immediately receive the best remaining

edge. Thus,
D wile),
ecE\{e*}

i (i) 2

DN | =

where e* € arg maxecg, v;(e) and the orientation is SPROP1.

We next prove that SPROP1 orientation is a stronger fairness
notion than MMS allocations [17]. Let I1,,(E) be the set of all n-
partitions of E. Note that a partition in IT may not correspond to an
orientation. The maximin share (MMS) of agent i € N is defined as

MMS; = min v;(Aj).

max i
(A,...Ap) €My (E) 1=j<n

An allocation (X3, ..., Xy) is MMS fair if 0;(X;) > MMS; for every
agenti € N.

ProPosITION A.2. For the general orientation model and the goods-
instance with n > 3, every SPROP1 orientation is an MMS allocation.



Proor. To prove the proposition, it suffices to prove
1
3 Z vi(e) > MMS;.
ecE\{e*}
If v;(e*) < MMS;, then
1 1
Z > 3 Z vi(e) > " Zvi(e) > MMS;,
ecE\{e*} ecE ecE
If v;(e*) > MMS;, then

1
n—-1

DN | =

MMS; <

B\ (D) < Joi(E\ (D).

Recall that n > 3 in the above two inequalities, and thus the propo-
sition is proven. O

B MISSING MATERIALS IN SECTION 3
B.1 Proof of Theorem 3.1 for Chores-Instance

As for the chores-instance, we use the same graph construction, but
each agent’s values on the edges are mapped to the corresponding
negative values. If an edge has value 1 (resp., 2) for a vertex in the
reduction for goods, we now change it to —1 (resp., —2). For any
iand e € Ej, v;(e) € {—1,-2} holds. Moreover, each agent has a
total value of —4 for her incident edges (normalized valuations),
and thus, the proportional share of each agent is —2.

Suppose there is a truth assignment that satisfies all clauses in
C.Forcj, d}, o d}l, observe that we can satisfy each d; her pro-
portional share even when (d}, cj) is allocated to djl.; allocate edges
in the cycle with 3 vertices djl., djz., d? in an anticlockwise direction,
and allocate edges in cycles with 4 vertices in a clockwise direction.
Edges (djz., d}*) and (d;, d?) are arbitrarily allocated to their incident
vertices. At this point, each d” satisfies her proportional share, and
her value is unchanged thereafter.

For each x;, if x; is True, allocate (i,i) to i, and allocate i the
other two edges incident to her; if %; is True, allocate (i, 1) to i, and
allocate 1 the other two edges incident to her. At this point, for
any i € [s], both i and i receive value —2. For each vertex cj, since
clause C; is satisfied, at least one incident edge other than (d]l., cj)
is not allocated to her, which implies that her value is at least —2.
Therefore, the created orientation is PROP.

Next, for the reverse direction, suppose that there exists a PROP
orientation . We create a truth assignment of {x;};c[;] as follows:
if (i, 1) is allocated to vertex i, then set x; to True, and otherwise,
set x; to True. Such a truth assignment ensures that exactly one of
X;j, X is set to True. Hence, the truth assignment is valid. Moreover,
if some clause Cj is not satisfied, then in 7, cj» receives a value at
most —3, violating PROP. Therefore, the created truth assignment
satisfies all clauses.

B.2 Proof of Theorem 3.3

First, we present a key lemma.

LEmMMA B.1. For any orientation 7, one can compute in polynomial
time a fPO orientation * such that: (i) n* either Pareto dominates
7T or gives every agent the same value as , and (ii) the undirected
consumption graph CG ,+ is acyclic.

To prove the lemma, we need extra notation. In the following,
we say that an item e is:

e achore if v;(e) < 0 forall i € Ng;

e neutral if v;(e) = 0 for at least one i € N, and vj(e) < 0 for
all j € Ng;

e agoodifv;(e) > 0 for at least one i € Ng;

e apure good if v;(e) > 0 forall i € N.

An orientation 7 is non-malicious if each good e is consumed by
agents i € N, with vj(e) > 0 and each neutral item e is consumed
by agents i € N, with v;(e) = 0. Every fPO orientation is clearly
non-malicious.

We will consider agent-object graphs, which are bipartite graphs
where the nodes on one side represent agents and the nodes on the
other side represent objects. In the (undirected) consumption-graph
CG,; of an orientation , there is an edge between agent i € [n]
and an item e € E if and only if 7;, > 0; note that since « is an
orientation, if there is an edge between i and e, then i € N, and
e € E;.

The weighted directed consumption-graph C—é = of an orientation
7 is constructed as follows. There is an edge (i — e) with weight
wie = |vj(e)] if one of the two conditions holds:

o 7. > 0,0;(e) >0ande € Ej;
o Tie < 1luvi(e) <Oande € E;.

1
[vi(e) |

The opposite edge (e — i) with weight we—,; = is included

. =3 .

in CG in one of the two cases:
e e >0,0i(e) <0ande € E;;
® T <1lvi(e) >0ande € E;.

The product of a directed path P in C—é”, denoted II(P), is the
product of weights of edges in P. In particular, the product of a
cycleC= (i1 »eg = -+ — e —ify =1i1) is

L
() = n(wik—’ﬂc * Weg—ige)-
k=1

Closely following the steps in [33], we present the characteriza-
tion of fPO orientation.

LEmMMA B.2. Given an orientation 7, the following three properties
are equivalent
(i) n is fPO;
—

(ii) 7 is non-malicious and its directed consumption graph CG »
has no cycle C withII(C) < 1.

(iii) there is a vector of weights 1 = (Ai)je[n] With A; > 0,i € [n],
such that mje > 0 implies Ajv;(e) > Ajvj(e) foralli, j € [n]
ande € E.

Proor. (i) = (ii). If & is fPO but malicious, then reallocating
items in a non-malicious way strictly improves the value of some
agents without harming the others. Thus, an fPO orientation =
must be non-malicious.

We now show that there are no directed cycles C = (i; — e; —
] - ep — ify; = i1) in CGy with TI(C) < 1.
For the sake of contradiction, assume that C is such a cycle. We
show how to construct an exchange of items among the agents in C
such that their value strictly increases without affecting the other
agents. This will contradict the Pareto-optimality of 7.

ip > e — ...



Define R := H(C)%. AsTI(C) < 1, then R < 1 holds. For each
k € [L], there are edges iy — eg and e — ir,q. Then, by the

—
definition of CG ,

e cither ii receives a positive amount of e and both i; and
ir4+1 have positive values for e,

e or ip,; has a positive amount of eg,; and both iy and i,
have negative values for e.

Now we describe the reallocation. For each k € [L], agent i;. gives
a small positive amount & of e to ir, in the case of goods or ig,;
gives ¢ fraction of ey to iy in the case of chores where ¢ € (0, hy]
and hy = 7, ¢, for a good and hy = 7, ¢, for a chore. Then, each
i loses a value of ¢ - |v;, (ex)| and gains a value of eg_1 - [v;, (ex—1)I,
resulting in a net change of eg_1 - |vj, (ex—1)| — &k - |vi, (ex)| in the
value of agent iy. In order to guarantee that every agent in C strictly
gains from the reallocation, it is sufficient to choose ¢y, . . ., & such
that the following inequalities hold for all k € [L]:

ot - o et = o - o ()] > 0 = St > L

e v (eg—1)l

v (ex-1)|

[0y (ex)]
{2,...,L}. Since R < 1, the above inequality is satisfied for each
k € {2,...,L}. It remains to show that it is also satisfied for k = 1.
Note that

For any 1 > 0, define ¢ = ¢_1 - R - for every k €

L

-1 1T lvir (ex—1)]
e = €1R _—
11;! [vi, (ex)|
L
-1 10, (e1)] [viy (ex—1)1
= €1R
loi, Cer) [ ¢ 1o (ex)|
e RE=1 o, (e1)] R [os, (e1)]
II(C) |oj, (er)] vz, (er)|’
which implies
a _ o lonCen)l  foi(er)l
e o, (e)|  loi, (en)|

as required. Therefore, we can choose ¢; sufficiently small so that
e < hy for all k € [L] and such a reallocation is feasible.

(i) = ().

We assume that 5@,[ contains no directed cycles C with II(C) <
1 and 7 is non-malicious. We prove below the existence of weights
Ai’s satisfying (iii).

Starting from CG, for each pair of distinct agents i, j € [n],
add directed edges i — j with weight

2(n-1)
i—i = 1, T
Wi j (eeE,keIJr\}?ﬁk(e);eo{ o ()] |vk(e)|})

Note that each new edge has the same weight. Let the resulting

new graph be 6}, and we claim that G has no cycle C with weight
7(C) < 1. For the sake of contradiction, assume that C is such a
cycle inEv‘) with 7(C) < 1. Then C must contain at least one new
edge. Each agent vertex appears once in C, the cycle C contains at
most 2n — 2 old edges. If none of the old edges in C has weight zero,
then by the definition of the weight of the new edge, 7(C) > 1
holds, a contradiction. Old edges with weight zero are only possible

from an agent to an item ( suppose from some agent i to some
item e), and moreover, 7 > 0 and v;(e) = 0. However, as 7 is
non-malicious, such e has no outgoing edges, and thus, edge i — e
cannot be a part of any cycle.

Fix an arbitrary agent (suppose agent 1). For every other agent
Jj € [n], let Py j be a directed path from 1 to j in 6 for which the
product IT(Py, ;) is minimal. Note that the minimum is well-defined
and is attained on an acyclic path, as the construction ensures that
there is no cycle with a product smaller than 1.

Define A; := II(Py,;) for all j # 1 and A; := 1. We now prove that
these weights satisfy (iii), i.e., 7; . > 0 implies A;0;(e) > Ajv;(e)
for all j € Ne. Fix i, e with 7;¢ > 0 and some j with j € Ne. As &
is non-malicious, we can, without loss of generality, assume that
i and j have an agreement on whether e is a good or a chore, i.e.,
vi(e) -vj(e) > 0;if i and j disagree, then by the non-maliciousness,
Aivi(e) > Ajoj(e) holds for any A;, A; > 0.

If eis a good (i.e, v;(e) > 0 and vj(e) > 0), then there is an edge
i —e(asme > 0,0;(e) > 0,and i € Ne) and an edge e — j (as
Tje < 1,0j(e) > 0,and j € Ng). Consider the optimal path P ; and
the concatenated path Q1,; = P1; — e — j. As the path Py ; has
the minimal product among all paths from 1 to j, we have

Z;((Z)) > H(P]yj)
— Aivi(e) > Ajvj(e).

I1(Q1,j) = TI(Py,j) & (Py;) -

If e is a chore (i.e., vj(e) < 0 and vj(e) < 0), then there is an edge
j—e(asvj(e) <0, mje < 1,and j € N;) and an edge e — i (as
Tie > 0,0;(e) < 0,and i € Ng). Define Qy; as P; — e — i. We
have

@l
o] > 1)

& Ajlvj(e)] = Aifvi(e)]

— Ajvi(e) = Ajvj(e).

I(Q1,i) 2 TI(Py;) &= II(Py) -

(i) = ().

As in 7, each item e is allocated to the agent i with the highest
Ajv;(e) among all agents in Ne, then 7 maximizes Yo 2ien, Aivi(e)
over all (fractional) orientations. Since A;’s are positive,  is fPO
because any Pareto-improvement must increase the weighted sum.

[m}

We are now ready to prove Lemma B.1.

Proor oF LEMMA B.1. If 7 is malicious, implement the following
reallocation:

e for each e € E with max;cn, vi(e) > 0, reallocate the share
of agents with vj(e) < 0 to an agent i € Ne with v;(e) > 0;
e for each e € E with max;ep, vi(e) = 0, reallocate the share
of agents with v;(e) < 0 to an agent i with v;(e) = 0.
Let the resulting non-malicious orientation be 7’.

We now describe reallocation of items that eliminates the cycle
(if any). Letus callacycle C= (i1 —» e1 > ipg > ey — ... > i —
er — ir+1 = i1) in the directed graph C—)Q,r/ a simple graph if each
node is visited at most once and for any i € [n] and e € E;, only
one of edges i — e or e — i is contained in the cycle.



We claim that if there is a simple cycle C in C_)Q ~ withII(C) < 1,
then C can be eliminated by reallocation of items. The idea of
eliminating the cycle is similar to the reallocation in the proof of

—
Lemma B.2. As edges i — e and e — igyq exist in CG, the
values v, (eg) and vj,,, (eg) are both non-zero and have the same

—
sign due to the construction of CG /. We implement the following
reallocation of items:

o if v, (ex) > 0 and v;,, (ex) > 0, then take & amount of e;

from i and give it to ir,q, where 0 < ¢ < hy with hy =
’
ix.ex’

o ifv;, (ex) < 0 and v;,,, (ex) < 0, then transfer ¢ of ey from

if41 to ix where 0 < ¢ < hy with by = JTI{kH e

Then amounts ¢.’s are selected in a way such that e |v; (ex)| =
ex+11viy (e41)| for every k € [L—1]. Thus for each k = 2,..., L, the
value of agent i remains indifferent after the reallocation, while
agent iy is weakly better off because the condition of II(C) < 1.
Note that after reallocating items, the resulting allocation is still an
orientation. It is not hard to verify that we can select ¢’s as large

as possible so that one of edges i — ej in C—éﬂ/ can be removed.

Repeat this reallocation until there are no simple cycles with
II(C) < 1. As at least one edge is removed each time in the undi-
rected graph of the underlying orientation and there are at most
mn edges, we need up to (n — 1)m repetitions for achieving the
orientation where no simple cycle has product at most 1. Let the
resulting orientation be 7*.

By the construction, 7* weakly improves the value of each agent
in 7; is non-malicious; has no cycle C in C_én* with TI(C) < 1. By
Lemma B.2, 7* is fPO.

We now prove that CG ,+ is acyclic. For a contradiction, assume

that there is a cycle C in CG ;+. Then in the directed graph C—én*,

there are two cycles: C passed in one direction and in the opposite
— — — —

direction. Let them be C and C. AsTI(C) - II(C) = 1, one of them

has the product of at most 1, and indeed, by fPO it must hold that

H(Z‘)) = H((C_) = 1. However, all such cycles were eliminated in
the previous stages.

For the running time of the algorithm, constructing the non-
malicious orientation, finding the cycles with II(C) < 1, and re-
solving/eliminating the cycle takes time polynomial in m and n. As
cycle-elimination repeats at most (n — 1)m times, the total running
time is polynomial in n and m. O

We are now ready to prove Theorem 3.3.

PrOOF OF THEOREM 3.3. Let 7 be the orientation where ;¢ =
i for all i € [n] and all e € E;. One can verify that in 7z, each
agent i receives exactly her proportional share. Based on Lemma
B.1, we find another orientation 7* where every agent is weakly
better off, and hence, each agent i receives at least her proportional
share. Moreover, 7* is fPO and the undirected consumption graph
CG -+ is acyclic.

We round * to an integral orientation that is fPO and PROP1.
Consider an undirected shared graph SG ,; defined as follows: create
a vertex for each agent, and there is an edge between vertices i and
j if and only if there exists e such that nlfi o Il';f’ . > 0.In other words,
the existence of an edge between i and j in SG ,+ means agents i

and j share an item in 7*. Moreover, as 7* is fPO, each shared item
must result in the value with the same sign (positive, negative, or
zero) for both its endpoints; otherwise, we can increase the value
of an agent without harming others, contradicting fPO.

As CG -+ is acyclic, it is not hard to verify that SG -« is also
acyclic, and hence, SG ;- is a forest. For each component of SG ,;«,
we form it into a rooted tree. Then starting from the leaves to the
root, we visit every vertex. For each vertex i, we let agent i receive
fully the item with non-negative value shared with the agent having
a higher depth than that of agent i, and let agent i receive fully the
item with negative value shared with the agent having lower depth
than that of agent i.

Let 7’ be the resulting integral orientation. We claim that 7’
is PROP1, as compared to n*, the value of each agent i for non-
negative item weakly increases and there exists at most one item
with negative value that is partially allocated to i in 7* but is fully
allocated to i in 7’. After removing such a negative-valued item,
agent i has value at least her proportional share, and therefore, 7’
is PROP1.

Finally, we prove that 7" is fPO. Varian [37] proved that an allo-
cation r is fPO if and only if there exist strictly positive weights
{Ai}ie[n] of agents such that 7 maxmizes weighted welfare
2ie[n] Aivi(7i). We show that this characterization holds for the
general orientation model and the mixed-instance in the appen-
dix. Since orientation z* is fPO, 7* maxmizes weighted welfare
Zie[n] A7 vi(7r}) for some strictly positive weight {4} } ;¢ [] of agents.
Hence in 7%, each item is always allocated to the agent with the
highest weighted value with respect to {A}};c[p]. After round-
ing 7* to 7', it is still the case that every item is allocated to the
agent with the highest weighted value, and thus, 7’ maximizes the
weighted welfare for the weights {A};c[] and is fPO. O

B.3 Continued proof of Theorem 3.5 for
Goods-Instance

We now show that there exists a truth assignment satisfying all
clauses if and only if there exists a PROPX orientation.

Suppose that there exists a truth assignment satisfying all clauses.
If x; is set to be True, we allocate (i, i) to i. Then, we allocate to
i all the edges that are currently unallocated and incident to her.
Moreover, assign the two unallocated edges incident to i to the
vertices corresponding to C(xil) and C(xiz). Similarly, if x; is set
to be True, we orient these edges in the reverse direction. Then
agents i and i satisfy PROPX.

For each vertex c; and its dummy vertices, allocate (c;, djl.) to

d} and allocate (cj, d;*) to ¢j. One can allocate the edge with both
endpoints being dummy vertices in a way such that each dj'. satisfies
PROPX. At this point, ¢ should receive at least one more edge to
achieve PROPX. Note that the truth assignment satisfying clause C;,
and thus, the edge connecting c; to the vertex corresponding the
true literal in C; is allocated to c;. Therefore, the created orientation
is PROPX.

Next, for the reverse direction, suppose that there exists a PROPX
orientation 7. We now create a truth assignment as follows: if (i, 1)
is allocated to vertex i, we set x; to True; otherwise we set X; to True.
Such a truth assignment ensures that exactly one of x; and %; is set to
True, and hence, the truth assignment is valid. For a contradiction,



we suppose that there exists a clause C; that is not satisfied. Then
since we have proved that (c;, djl.) must be allocated to d?, vertex
¢;j has value at most 1 in 7, as C; is not satisfied. Accordingly, c;
does not satisfy PROPX, deriving the desired contradiction.

B.4 Proof of Theorem 3.5 for Chores-Instance

We now prove Theorem 3.5 for the case of chores. Create the graph
identical to that for the goods-instance. For agents’ valuations, let

edge (cj, dJl.) result in value —1 for d! and value zero for cj forall j.

For each of the other edges, if their value for a vertex is one in the
goods-instance, change it to —1; if their value for a vertex is zero in
the goods-instance, it remains the same.

We first claim that in a PROPX orientation (if it exists), for each c},
edge (cj, dJl.) must be allocated to c;. Assume for the contradiction
that this is not the case. We now focus on agents d]l., d]z., d]3.. Without
loss of generality, assume edge (d?, d;) is allocated to djz. in the
orientation. Then in order to make dJZ. satisfy PROPX, we need to

allocated (djz., d]l) to djl. , which means that d! cannot receive (cj, djl)

Then in a PROPX orientation, the value of ¢; must be at most —2 as
her proportional share is —2 and she always receives an edge with
value zero. We prove below that there exists a truth assignment

satisfying all clauses if and only if there exists a PROPX orientation.
Suppose that there exists a truth assignment satisfying all clauses.

If x; is set to True, we allocate (i, i) to i. Then we allocate i the
two edges with value zero for her and allocate the two unallocated

edges incident to i to the vertices corresponding to C()'cil) and C(JEL.Z).

Similarly, if %; is set True, we orient these edges in the reverse
direction. Then at this point, both agents i and i satisfy PROPX.
For each vertex c; and its dummy vertices, allocate (cj, djl.) to

¢; and allocate (cj, d}*) to d;%. One can allocate the edges with both
endpoints being dummy vertices in a way such that each d’; satisfies
PROPX. Then all edges are allocated and c; has value at least —2
as the edge connecting c; to the vertex corresponding to the true
literal in C; is not allocated to c;. Therefore, the created orientation
is PROPX.

Next for the reverse direction, suppose that there exists a PROPX
orientation 7. We now create a truth assignment as follows: if (i, )
is allocated to i, set x; to True; otherwise, set x; to True. Such a
truth assignment ensures that exactly one of x; and %; is set to
True, and hence, the truth assignment is valid. For a contradiction,
suppose that there exists a clause C; that is not satisfied. Then c;
has value at most —3 as each edge connecting c; to the variable
vertices with literals in C; must be allocated to c;. As edge (cj, djl.)
is allocated to cj, vertex c; violates PROPX, a contradiction.

C MISSING MATERIALS IN SECTION 4

We derive reductions from the PARTITION problem: given a set
{x1,...,xn} of n integers whose sum is 2T, can [n] be partitioned
into two sets I; and I such that 3} e, xj = X jer, xj = T7

C.1 Proof of Theorem 4.1

The decision problem is in NP as given an orientation, one can
decide whether it is EQ in polynomial time. We derive the reduction

from the PARTITION problem and begin with the goods-instance.

Figure 8: The illustration of the goods-instance for the re-
duction from EQ. The label closer to a vertex represents that
vertex’s value for the edge.

We create a simple graph with n + 2 vertices {1,...,n,p,q} and 2n
edges. The created graph and the valuations of agents are illustrated
in Figure 8. One can verify that the instance is normalized as the
total value of items for each agent is equal to one.

We claim that in an EQ orientation, each vertex i with i € [n]
must receive exactly one incident edge. If some vertex i’ € [n]
receives two incident edges, the value of agent i’ is one, but the
value of p is less than 1, violating EQ. If some vertex i’ € [n]
receives no edge, then the value of agent i’ is zero, but the value
of p is positive, violating EQ. Thus in an EQ orientation, the value
of each agent must be % Then the set of items received by p and
q in an EQ orientation map a solution of the PARTITION problem.
Therefore, an EQ orientation exists if and only if the answer to the
PARTITION instance is a yes-instance.

For the reduction of the chores-instance, we create the same
graph but negate agents’ valuations. By similar arguments, we can
prove that in an EQ orientation, each vertex i € [n] must receive
exactly one incident edge. Therefore, an EQ orientation exists if
and only if the answer to the PARTITION instance is a yes-instance.

C.2 Proof of Theorem 4.4 for Chores-Instance

As for the chores-instance, we consider the same graph creation
but negate agents’ valuations. We claim that in an EQX orientation
m,each j € [n] U{p, g} must receive exactly one of the edges (j, k)
and (j, k;) If j receives both (j, k) and (j, k;.), then one of k; and
k;. receives no edges in r (let k; be such a vertex), and j violates
EQX when compared to k;. If j receives neither (j, k) nor (j, k}),
then EQX is violated when comparing k; and k;.. Based on the claim,
we further show that in an EQX orientation 7, each i € [n] should
receive exactly one of edges (p, i) and (g, i); otherwise, i violates
EQX when compared to the vertex with the larger value between
ki and k;. Then by the argument similar to that of goods, one can
verify that there exists an EQX orientation in the created instance
if and only if the PARTITION instance is a yes-instance.

D EF1 ORIENTATIONS FOR CHORES
D.1 Proof of Theorem 5.3

The decision problem is in NP, as given an orientation, one can
decide whether it is EF1 in polynomial time. We derive below the



reduction from the PARTITION problem. Create a chores-instance
with 3 vertices and n + 4 edges as follows:

e create vertices 1,2, 3;

e create n edges ey, ..., e, between 1 and 2. Moreover, create
two edges en+1, en+2 (resp., en+3, entq) between 1 and 3 (resp.,
between 2 and 3);

o for each k € [4], the value of e, is —2T — 1 for both of
its endpoints, and for each i € [n], the value of e; is —x; for
both of its endpoints.

We claim that in an EF1 orientation 7, agent 3 cannot receive both
en+1, en+2 or both ey43, ent4. Suppose that 3 receives both ep41, en+2,

then agent 3 would value agent 1’s bundle at zero and violates EF1.
The same reasoning applies to ep43, ep+4. Similarly, agent 1 (resp.,
agent 2) cannot receive both e,11, ept2 (resp., en+3, enta). Therefore,
in an EF1 orientation x, agent 1 (resp., agent 2) must receive exactly
one of ep41, ent2 (resp., ent3, entq). Then at this point, 3 satisfies
EF1 no matter how the remaining edges are allocated.

For agent 1 and 2, they do not violate EF1 when compared to
agent 3, as the total value of ey, . . ., e, is greater than —2T —1. When
verifying the EF1 condition between agents 1 and 2, edge e, for
some k would always be hypothetically removed. Therefore, there
exists an EF1 orientation if and only if the PARTITION instance is a
yes-instance.
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